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Abstract: Stiffness performance is a very important aspect to be considered in the design of parallel machines. 
This article presents a comparative stiffness analysis based on numerical simulation for a reconfigurable parallel 
machine to 3 or 4 degrees of mobility (D.O.M.). The two configurations have decoupled motions and are 
isotropic in translation. This paper focuses on stiffness analysis of the both configurations. Stiffness matrix 
establishes the relation between elastic displacements (translation and rotation) of the moving-platform and 
loading (forces and torques) at a characteristic point. Numerical simulation gives stiffness maps in different 
positions of the workspace and allows us to set up critical stiffness positions. In a second stage the flexibility 
matrix is partitioned into four sub-matrices relating translations-forces, angles-forces, translations-torques, 
angles-torques. Their eigenvalues and eigenvectors are calculated. The eigenvalues give the extremal stiffness. 
The eigenvectors give the principal axes where a load gives a pure elastic displacement in the same direction. 
Finally, a stiffness comparison is performed between the two configurations. Conclusions are set up on stiffness 
and accuracy as well. 

1.  INTRODUCTION 

Stiffness is a very important parameter to be considered in defining machine 
performance [1-7, 11, 12, 14-17]. In fact, if the stiffness of links and joints are inadequate, 
external forces and moments may cause large deflections in the mechanical parts, which are 
undesirable from the viewpoint of both accuracy and payload performances of a machine. 
Therefore, a stiffness analysis is carried out on different types of machines in order to 
evaluate their stiffness performances. Moreover, once a proper stiffness model and 
formulation have been defined, they can be used also for design purposes in order to find an 
optimum compromise between weight of mechanical parts and stiffness performance as 
proposed in [3, 11, 12]. The above-mentioned considerations strongly suggest to perform 
stiffness analysis also for parallel machines.  
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According to its kinematic diagram a machine can be with parallel, hybrid or serial 
architecture. A parallel mechanism can be defined as a mechanism with a closed kinematic 
chain, made up of a moving-platform with N degrees of freedom and a fixed base connected 
to each other by at least two kinematic chains, the motorization being carried out by N 
actuators �[13]. This allows parallel mechanisms to bear higher loads at higher speed and 
often with higher repeatability �[13].  
This paper presents a study based on numeric simulation for the static stiffness of a 
reconfigurable parallel machine to 3 or 4 (D.O.M.) called ISOGLIDE3-T3 (3 D.O.M.) and 
ISOGLIDE4-T3R1 (4 D.O.M.) (Figure 1) proposed in [8, 9]. A preliminary stiffness study 
of the ISOGLIDE4-T3R1 was realized in �[1] with a different design of legs. This paper 
intends to answer to the following questions: how does the stiffness of this type of machine 
vary in their workspace, how does the stiffness vary between the two configurations, where 
and in which directions the machine has the maximum and the minimum stiffness.  

 

2. PROBLEM SETTING 

The problem consists in calculating the deformation of the ISOGLIDE in all its 
workspace. Thus, it is a matter of applying the Hook's law: 

[ ][ ] [ ]K X F=  (1) 

on the machine that becomes a structure if its actuators are blocked. Various methods of 
computation could be applied: 

- assume the components as linear and torsional springs (lumped stiffness) [2,3,11], 

Figure 1 CAD of the ISOGLIDE4-T3R1 (a) and the ISOGLIDE3-T3 (b) 
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- study of the displacement considering each component as a beam, using Euler-
Bernoulli beam model for instance (distributed stiffness) [4- 6, 17], 

- numerical simulation via the Finite Element Method (FEM)[1,6, 14, 15, 16] 

The lumped stiffness method gives acceptable result in a quick computation time, but 
it is very hypothetic. The second method gives good result if the components are beams. 
The FEM has the advantage of giving the best result since the machine is modelled with its 
true shape and dimension. The only error in this method is due to the discretisation of the 
continuous space �[10]. On the other hand, this method has the disadvantage that it requires 
an extensive computation time �[5]. The FEM, adopted in this paper allows us to model the 
exact dimensions and shapes of the components. This study is usual for both stiffness 
analysis and component dimensioning. 

3. NUMERICAL SIMULATION 

Modelling of physical phenomena (deflexion, vibration, motion…) arising in 
engineering and science leads to partial differential equations in space and time, expressing 
the mathematical model of the problem to be solved. In general, analytical solutions of these 
equations do not exist, hence numerical methods such as the finite element method are 
employed. An analysis with the FEM can be divided into three steps, which are respectively 
modelling, boundary conditions and solutions. 

3.1. MODELLING 

In modelling step the matrix [ ]K  in equation (1) is computed. Modelling consists in 
defining of geometrical and physical models. The CAD of the parallel machine must be 
reproduced into the pre-processor of the FEM software. Most of these software offer two 
ways of creating models. 

- The first one is the direct Graphic User Interface (GUI) method, where the CAD 
can be reproduced exactly as in the CAD software (point, line...) 

- The second one is much closer to programming, where the CAD must be 
translated to a code of the programming language of the FEM software. 

The GUI method is intuitive, more practice in the modelling of a structure, and allows 
importing the exact geometry from the CAD software. On the other hand, a machine is a 
structure with a deformable architecture when actuators work. To determine the stiffness in 
all the workspace, the model must be built for each case of the design of experiment, and 
pre-processing time is longer than the calculation time. With a programming language a 
parametric geometrical model can be built. A main program computes geometric parameters 
(angles, positions…) from the entries of the machine. Components can be set up in 
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independent programs and included as functions in the main program. Moreover, this 
method allows the simulation in "batch mode" where it is not needed to display the 
geometry, the model is set up once for all. Similarly, the part of the memory what was be 
used to display the geometry on GUI is free, the calculation time is reduced. The deformed 
shape can be obtained in a generated picture in any graphic format. The physical properties 
of the components such as density, Young's modulus of rigidity, Poisson's modulus … can 
be integrated into the component programs or in a separated program. After setting up 
geometry and defining physical characteristics, the model should be meshed. The system 
will contain m nodes with n degrees of freedom. The matrix [ ]K  has n columns and n rows 
The mesh quality has an important influence on the result quality and the computation 
time�[10]. Finally, for this work, the FEM software in "batch mode" was coupled with 
mathematical software (MATLAB) for an optimization problem. 

3.2. BOUNDARY CONDITIONS 

In equation (1) the matrix [ ]K  is determined 
in the modelling step. The boundary condition are 
used to determine vectors [ ]F  and [ ]X . Each of 
these two vectors has n components, so they are 
2n unknowns and n equations. With the boundary 
condition a part of these unknowns will be 
determined as external load or actuator position. 
Complementary equations, such as the coupling 
of the adjacent nodes, will be associated to other 
unknowns (Figure 2). 

3.3. SOLUTIONS 

After setting up the model and determining the boundary conditions, the equation set 
(1) must be linearly independent. The required stiffness is obtained by solving equation (1). 
Our purpose is to set up the relation between the load (force F� �

� �

�

 and moment M� �
� �

�

) and the 

deformations (translations p� �∆� �

���

 and rotations �� �∆� �

���

) at the characteristic point of the 

machine, this relation can be written: 

[ ] Fp F

6x6
Mp M

K KF p p
K

K KM

θ

θ

� � � � � �� �∆ ∆
= =� � � � � �� �

∆θ ∆θ� � � � � �� �� � � � � �

� ��� ���

��� ��� ���
. (2) 

Figure 2 Boundaries condition on the meshed model 
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Point P was chosen as the characteristic point of the machine (Figure 1). The terms of 
the matrix [ ]6x6

K  are denoted ijK  i=1...6, j=1...6 . 

3.3.1. STIFFNESS OF ONE LEG 

The machine stiffness depends 
of the leg stiffness. The leg is made 
by two solids, one connected to a 
linear actuator by a revolute joint and 
it is called "arm", the other connected 
to the moving-platform and called 
"forearm". When the leg is subjected 
to an external load, the arm and the 
forearm are subjected to a torsion and 
flexion deformation. The component 
loads depend on the leg opening angle 
�. 

We consider the linear actuator 
locked and a unit force F loading the 
leg extremity in point D (Figure 3). The finite element calculations give the displacement �  
of the leg extremity. These displacements are the flexibilities of the leg. By repeating the 
calculation for several values of � , a graph of the flexibility is drawn (Figure 4). The 
flexibility is maximum for an opening angle between 90º and 100º. In fact when the force is 
applied on the extremity, the displacement is the sum of the forearm deflexion and its rigid 
body motions induced by the arm torsion, flexion and deflexion: 

( ) ( )CD t f C L sin  L cosδ = δ + −θ α + −θ α + δ , (3) 

where �t is the torsion angle of the section in the 
revolute joint C, �f-the flexion angle, �C-the 
displacement of C, �CD-the deformation of the 
forearm, and L-the length of the arm and the 
forearm. The parameters �f, and �C are linear 
depending on the bending load applied to the arm. 
The parameter �t depends on the torsion moment 
applied on the arm and �CD is linearly depending 
on the bending load applied on the forearm. The 
torsion strength is less than the bending strength 
and the torsion effect is dominating. When the 
opening angle is 90º, the arm is subjected to a pure 

Figure 3: Simulation of a leg 
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Figure 4 Leg deflexion under a unit vertical 
force 
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torsion without bending. When � varies from 90º to 100º, f-�  L cos�  and Cδ increase and 
only t-�  L sin�  decreases, and finally the displacement �makes a maximum between these 
two values. 

3.3.2. STIFFNESS OF THE ISOGLIDE 

A load applied on the moving-platform of the ISOGLIDE will be distributed on the 
three legs in the ISOGLIDE3-T3 or the four legs in the ISOGLIDE4-T3R1. The solution of 
the equation (2) is: 

1
Fp F pF pM

Mp M F M

K K S Sp F F
K K S SM M

−
θ

θ θ θ

� � � � � �� �∆ � �
= =� � � � � �� � � �

∆θ � �� � � � � �� �� � � � � �

��� � �

��� ��� ���
 (4) 

The compliance sub-matrix pFS  gives the elastic translations when the ISOGLIDE is 
subjected to a unit force. The eigenvalues of pFS  give the maximum and the minimum of 
elastic translations, they are the length of three half axes of the compliance ellipsoid. The 
eigenvectors define directions where the force must be applied to have these deflexions. 
Moreover, in these directions the deformation is parallel to the force. The reasoning is valid 
also to the sub-matrix

�MS . The eigenvalues are the angles of rotations and the eigenvectors 

are the axes of rotations. The matrix [ ]S  is symmetric consequently, [ ] T

�F pMS = S� �� � . Sub-

matrix [ ]�FS  is 3x3. Its characteristic polynomial is of degree three and it has at least a real 
root. There is at least a direction where a force produces a rotation around its axis and a 
moment produces an elastic translation parallel to its axis. An optimization program which 
couples MATLAB and ANSYS gives the maximum and the minimum flexibilities of the 
two configurations and the results are presented in Table1. This program optimizes a 
function that takes articular coordinates of the ISOGLIDE as inputs. The outputs of the 
function are the eigenvalues i�  (i=1..3) of pFS   

Table1: Critical flexibility 

Configuration Flexibility q1 (mm) q2(mm) q3(mm) � (rad) �1 �2 �3 

pF (N/mm)
S  484.53 463.40 513.87 -0.15 9.65E-03 3.10E-03 1.90E-03 

min 
�M (rad/Nmm)

S  569.67 527.25 569.47 -0.04 4.84E-07 9.89E-08 1.46E-07 

pFS  699.61 624.71 560.45 0.037 10.0E-03 4.64E-03 2.62E-03 

IS
O

G
LI

D
E

4 
T3

R
1 

max 
�MS  719.99 639.99 662.99 -0.16 1.01E-07 1.46E-07 6.42E-07 

pFS  482.12 461.59 514.34  9.4E-3 3.4E-3 1.85E-03 
min 

�MS  629.16 571.86 528.63  1.22-07 1.07E-07 0.76E-7 

pFS  699.87 624.90 560.47  9.94E-03 5.06E-03 2.78E-03 

IS
O

G
LI

D
E

3-
T3

 

max 
�MS  482.51 461.89 619.81  1.25E-07 1.03E-07 0.07E-07 
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Figure 5 Maps of the stiffness matrix [ ]K of the ISOGLIDE3-T3 for q2=675mm 
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Figure 6 Maps of the stiffness matrix [ ]K of the ISOGLIDE4-T3R1 for q2=675mm 



 
 

 

page 9 

and 
�MS  calculated according to FEM. 

Figure 5 and Figure 6 show the variations of the 36 components ijK  (i, j=1…6) of the 
stiffness matrix K for both configurations. Stiffness is the reaction developed by the 
machine when it is deformed. If we use this machine as a machine tool, the stiffness gives 
the maximum forces (inertial, cutting…) corresponding to a required accuracy. From the 
stiffness maps, it is possible to remark that terms 11K  and 33K  do not change a lot between 
the two configurations. The term 22K  of the ISOGLIDE4-T3R1 is approximately doubled 
with respect to ISOGLIDE3-T3 with a smaller relative difference between its maximum and 
minimum values. In both configurations, the term 11K  is the smallest among the three 
diagonal components of FpK� �� �: The non-diagonal components of the FpK� �� � are smaller in 

the stiffness matrix of the ISOGLIDE3-T3. This could be explained by the fact that the 
moving-platform is more constrained in ISOGLIDE3-T3. On the other hand, the sub matrix 
[ ]M�K  of the ISOGLIDE3-T3 is better conditioned. Components corresponding to the 
rotation and the moment around z-axis are smaller in ISOGLIDE4-T3R1. In the sub-matrix 
[ ]M�K  of the ISOGLIDE4-T3R1 we can remark that [ ]56K  is smaller than the other 
components. This means that the moment around y-axis per which the ISOGLIDE4-T3R1 is 
requested during a pure elastic rotation of the moving platform around the z-axis, could be 
neglected. This could be explained by the release of one degree of mobility. 

In table 1 parameters q1, q2 and q3 corresponding to critical flexibilities in pFS� �� �are 

approximately same for both configurations, excepting the orientation of the moving-
platform of ISOGLIDE4-T3R1 that is not null. The parameters q1, q2 and q3 corresponding 
to critical flexibilities in [ ]�MS  are very different for both configurations. Due to the 
decoupling an external force is supported mainly by the three first legs in both 
configurations. The fourth leg of the ISOGLIDE4-T3R1 is mainly subjected to an external 
moment around z-axis. This explains why critical values of pFS� �� � approximately correspond 

to the same parameters q1, q2 and q3. The flexibility sub-matrix pFS� �� � is always quasi-

diagonal in both configurations. Other sub-matrices of both configurations are far from 
being diagonal. The eigenvectors of pFS� �� � and [ ]�MS  are approximately oriented along x, y 

and z-axis. Both configurations are free of parasite rotations. The sub-matrix pMS� �� � has 

always only one real eigenvalue. This means only one direction exists where a moment 
around axis (D) produces an elastic translation parallel to (D). In the same way there is only 
one direction (D) along which a force produces a rotation around (D). This cans be 
explained by the asymmetry of the actuator location in both configurations. 
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4. CONCLUSIONS AND PROSPECTIVES 

The stiffness of a reconfigurable parallel machine have been analyzed and the extreme 
values of flexibility for two configurations have been found along with the extreme 
accuracies reached by this machine and the corresponding articular coordinates has well. 
The addition of the forth leg has increased the stiffness along its direction ( 22K ). The forth 
degree of mobility decrease the solicitation due to the elastic deformation around its axis 
( 56K ). The program used to find the extreme flexibility can be easily modified to find the 
workspace corresponding to a required accuracy. Manufacturing and assembly errors will 
create pre-stress in the machine structure. The stiffness study integrating the pre-stress state 
requires a nonlinear FEM calculation that will be presented in a next paper. 
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